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Abstract: Weconsiderthebilateralcontractsatisfactionproblemarisingfrom electricalpowernetworks
dueto the proposedderegulationof the electricutility industry in the USA. Given a network � anda set
(or multiset) of pairs of vertices(contracts)with associateddemandfunctionsthat reflect the amountof
flow which needsto be sentbetweenthe pairs of vertices,the goal is to find the maximumnumberof
simultaneouslysatisfiablecontracts. Four differentalgorithmsfor bilateral contractsatisfaction problems
areconsidered:(i) SMALLEST-FIRST HEURISTIC (ii) LARGEST-FIRST HEURISTIC (iii) RANDOM-ORDER

HEURISTIC and(iv) ILP-RANDOMIZED ROUNDING: an integer linearprogrammingbasedapproximation
algorithmwith proven performanceguaranteein restrictedcases.The main focusof the paperis to study
how theheuristicsperformedin fairly realisticsettings.For this purposewe usedanapproximateelectrical
power network from Colorado.

From our preliminaryanalysis,it appearsthat althoughthe first threeheuristicalgorithmsdo not have
a worst-caseguarantee,they outperformthetheoreticallybetterILP-RANDOMIZED ROUNDING algorithm.
Wealsotestedthealgorithmon four typesof scenariosthatarelikely to occurin aderegulatedmarketplace.
Theempiricalresultsshow thatthenetworksthatareadequatein regulatedmarketplacemightnotbeadequate
for satisfyingall thebilateralcontractsin a deregulatedindustry. Our studiesindicatethat simpleclearing
mechanismsthatarecurrentlyin usein many of thepowermarketsarecomputationallyfastandnear-optimal
in theiruseof network capacity;also,a linearprogrammingupperboundonthequalityof any solution,turns
out to beavery goodboundin practice.
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1 Intr oduction

TheU.S.electricutility industryis undergoingmajorstructuralchangesin aneffort to make it morecompet-
itive. Thesteptowardderegulationof theelectricindustrywassupposedto helpcustomersavoid unusually
highbills. Underderegulation,theutilities hadto giveuptheirmonopolies,sellmany of theirplantsandbuy
electricity from a state-sanctionedwholesalemarket. Sincethe wholesalemarket wasbig andtransparent
enoughto offer low andcompetitive pricesit wasexpectedthatderegulationwouldbring thepricedown sig-
nificantly [WSJ,Wi97a, EPR97,Web,FED97, We98]. Onemajorconsequenceof thederegulationwill be
to decouplethecontrollersof thenetwork from thepowerproducers,makingit difficult to regulatethelevels
of power on thenetwork; consumersaswell asproducerswill eventuallybeableto negotiatepricesto buy
andsellelectricity. See[Wi97a, Wi97b, Wi97a]. In practice,deregulationis complicatedby thefactsthatall
power companieswill have to sharethesamepower network in theshortterm,with thenetwork’s capacity
beingjust aboutsufficient to meetthecurrentdemand.To overcometheseproblems,mostU.S.stateshave
setupanISO(independentsystemoperator):anon-profitgoverningbodyto arbitratetheuseof thenetwork.
The basicquestionsfacing ISOsarehow to decidewhich contractsto deny (dueto capacityconstraints),
andwho is to bearthecostsaccruedwhencontractsaredenied.Severalcriteria/policieshave beenproposed
and/orarebeinglegislatedby thestatesaspossibleguidelinesfor theISOto selectamaximum-sizedsubset
of contractsthat canbe clearedsimultaneously[Wi97b]. Theseinclude: (a) Minimum Flow Denied: The
ISOselectsthesubsetof contractsthatdeniestheleastamountof proposedpowerflow. Thisproposalfavors
clearingbiggercontractsfirst. (b) First-inFirst-out:Thecontractthatcomesfirst getsclearedfirst; this is the
leastdiscriminatingto thecontractors.(c) MaximumConsumersServed: This clearsthesmallestcontracts
first andfavorsthesmallbuyerswhoseinterestsnormallytendto go unheard.

Therearethreeimportantissuesin decidingpoliciesthatentailspecificmechanismsfor selectingasubset
of contracts:(i) fairnessof a givenpolicy to producersandconsumers;(ii) thecomputationalcomplexity of
implementinga policy, and(iii) how sounda given policy is from an economicstandpoint.(For instance,
doesthepolicy promotetheoptimalclearingprice,theoptimaluseof network resources,etc.)

Here we focus on evaluatingthe efficacy of a given policy with regard to its computationalresource
requirementandnetwork resourceutilization. It is intuitively clearthat (i) the underlyingnetwork, (ii) its
capacityandtopologyand(iii) the spatiallocationsof the bilateralcontractson the network, will play an
importantrole in determiningthe efficacy of thesepolicies. We do not discussherethe fairnessaspects
andextensive detailsof the economicaspectsof thesepolicies: theseareimportanttopicsandsubjectsof
a companionpaper. The work reportedherewasdoneaspart of two inter-relatedprojectsat Los Alamos.
Thefirst projectis to developa mathematicalandcomputationaltheoryof simulationsbasedon Sequential
DynamicalSystems(SDSs). The secondaimsat developinga comprehensive coupledsimulation1 of the
deregulatedelectricalpower industry [DD+98]. Seehttp://tsasa.lanl.gov for additionaldetails
regardingtheseandothersocio-technicalsimulationprojectsat Los Alamos.To achieve this goal,we carry
out the first experimentalanalysisof several algorithmsfor simultaneouslyclearinga maximalnumberof
bilateralcontracts.Thealgorithmswerechosenaccordingto: (a) provableperformance,(b) ability to serve
asaproxy for someof theabove-statedpoliciesand(c) computationalrequirement.

Thealgorithmsstudiedareasfollows; see � 3 for their specification.The ILP-RANDOMIZED ROUND-
ING algorithmhasa provableperformanceguaranteeundercertainconditions.Thecomputationalresource
requirementwasquitehigh,but theapproachalsoprovidesuswith anupperboundon any optimalsolution
andproved usefulin comparingtheperformanceof thealgorithms.The LARGEST-FIRST HEURISTIC is a
proxy for theMinimumFlow Deniedpolicy. The SMALLEST-FIRST HEURISTIC servesasa proxy for the
MaximumContractsServedpolicy. TheRANDOM-ORDER HEURISTIC ordersthecontractin arandomorder
andtries to clearthecontractsin the randomorder. This algorithmwaschosenasa proxy for theFirst-in

1Thiscoupledsimulationhasa market componentanda physicalnetwork component.
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First-outpolicy. Sucha policy is probablythemostnaturalclearingmechanismandis currentlyin placeat
many exchangesincludingCalifornia.

We useda coarserepresentationof the Coloradoelectricalpower network (see � 5), to qualitatively
comparethe four algorithmsdiscussedabove in fairly realisticsettings.The realisticnetworks differ from
randomnetworksandstructurednetworksin thefollowing ways:(i) Realisticnetworkstypically haveavery
low averagedegree. In fact, in our casethe averagedegreeof the network is no more than3. The same
is true for the westernstatesinterconnectandthe Texasinterconnect.(ii) Realisticnetworks arenot very
uniform. Onetypically seesoneor two largeclusters(downtown andneighboringareas)andsmallclusters
spreadout throughout.(iii) For mostempiricalstudieswith randomnetworks, theedgeweightsarechosen
independentlyanduniformly at randomfrom a given interval. However, realisticnetworks typically have
very specifickindsof capacitiessincethey wereconstructedwith particulardesigngoal.

Testsand Results:Fromourpreliminaryanalysis,it appearsthatalthoughthesimpleheuristicalgorithmsdo
nothaveworst-caseguarantees,they outperformthetheoreticallybetterrandomizedroundingalgorithm.We
testedthealgorithmson four carefullychosenscenarios.Eachscenariowasdesignedto testthealgorithms
andtheresultingsolutionsin aderegulatedsetting.Theempiricalresultsshow thatnetworksthatarecapable
of satisfyingall demandin a regulatedmarketplacecan often be inadequatefor satisfyingall (or even a
acceptablefraction) of the bilateral contractsin a deregulatedmarket. Our resultsalso confirm intuitive
observations:e.g.,thenumberof contractssatisfiedcrucially dependson thescenarioandthealgorithm.

Significance:As far aswe areaware,this is thefirst studyto investigatetheefficacy of variouspoliciesfor
contractsatisfactionin a deregulatedpower industry. Sinceit wasdonein fairly realisticsettings,thequal-
itative resultsobtainedherehave implicationsfor policy makers,especiallywhenwe arewitnessingpower
shortagesin California.Ouranalysisshowsthatasuddenreductionin generatingcapacity(scenario1, which
canbe causedby generatorsgoingoff-line dueto plannedor unplannedmaintenanceschedules),unantici-
patedincreasein demand(scenario2), andinadequatetransmissioncapacity(scenario3), all havesignificant
impact in limiting the numberof contractscleared.For a statelike California, whereall the threescenar-
ios areoccurringsimultaneously, it is naturalto expectunsatisfiedcustomers.To comparethe algorithms
in a quantitative and(semi-)rigorousway, we employ statisticaltools andexperimentaldesigns.Although
many of thebasictoolsarestandardin statistics,theuseof formal statisticalmethodsin experimentalalgo-
rithmics for analyzing/comparingtheperformanceof heuristicshasnot beeninvestigatedto thebestof our
knowledge.Webelieve thatsuchstatisticalmethodsshouldbeinvestigatedfurtherby theexperimentalalgo-
rithmicscommunityfor deriving morequantitative conclusionswhentheoreticalproofsarehardor not very
insightful. Our resultscanalsobeappliedin othersettings,suchasbandwidth-tradingon theInternet.See,
e.g.,[BW]. Finally, to our knowledge,previousresearchershave not consideredtheeffect of theunderlying
network on theproblems;this is an importantparameterespeciallyin a free-market scenario.AppendixA
illustratesthispoint further.

2 ProblemDefinitions

We briefly definethe optimizationproblemsstudiedhere. We aregiven an undirectednetwork (thepower
network) ������������� with capacities��� for eachedge andasetof source-sinknodepairs �"!$#%�'&(#�� , )+*-,.*0/ .
Eachpair �"!$#(�'&%#�� has: (i) an integral demandreflectingthe amountof power that !1# agreesto supplyto &%#
and(ii) a negotiatedcostof sendingunit commodityfrom !$# to &(# . As is traditionalin thepower literature,
we will refer to thesource-sinkpairsalongwith theassociateddemandsasa setof contracts. In general,a
sourceor sinkmayhavemultipleassociatedcontracts.Wefind thefollowing notationconvenientto describe
theproblems.Denotethesetof nodesby 2 . Thecontractsaredefinedby arelation 3�45�628792:7<;=79;>�
sothattuple �@?A�'BC�ED.�'FG�IHJ3 denotesa contractbetweensource? andsink B for D unitsof commodityat a
costof F perunit of thecommodity. For KL�M�@?N�'BO�ED��'FG�OHP3 we denote!RQTSNUV�W X�6KY�Z�[? , !1,�\]/^�6K_�`�aB ,
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bdc QTBe�6K_�f�gD and �hQV!$&��6KY�f�iF . Correspondingto the power network, we constructa digraph j ����lknmokOpfk9qR!X�'&Ers���Ctu� with source! , sinknode& , capacitiesSwvX�+tNxy; andcosts�htdvX�+tNxy; asfollows.
For all K�Hw3 , definenew vertices?Vz and B`z . Let m{�aq1?Vz-|VKaH}3�r and p��[q1B`z0|~K�Hw3�r . Eachedgeq1�]�'�Ar from � is presentin j asthetwo arcs �@���'��� and �@�A�'�^� thathave thesamecapacityas q1�]�'�Ar hasin
� , andwith cost � . In addition,for all K����@?N�'BO�ED��'FG�ZHJ3 , we introduce:(i) arcs �@?Vz.�'?�� and �@BO�'B`z�� with
infinite capacityandzerocost;(ii) arc �"!X�'? z � with capacity

bdc QRBe�6K_�>�LD andcost � ; and(iii) arc �@B z �'&��
with capacity

bdc QTB��6KY����D andcostequaling��Q~!$&W�6K_� . By thisconstruction,wecanassumewithout lossof
generalitythateachnodecanparticipatein exactlyonecontract.This factwill beusedlater. A flow is simply
anassignmentof valuesto theedgesin agraph,wherethevalueof anedgeis theamountof flow travelingon
thatedge.Thevalueof theflow is definedastheamountof flow comingoutof ! (or equivalentlytheamount
of flow comingin to & ). A genericfeasibleflow

b �L� bT�~� �e� ��v��@���'���ZHw� t � in j is any non-negative flow
that: (a) respectsthearccapacities,(b) has ! astheonly sourceof flow and & astheonly sink. Notethatfor
a given KaH�3 , in generalit is notnecessarythat

bV��� ��� � bT�N�A� � . For a givencontractKaH�3 , K is saidto be
satisfiedif thefeasibleflow

b
in j hastheadditionalpropertythatfor K����@?A�'BC�ED.�'FG� , bV��� �'� � bT�N�A� � ��D ;

i.e., thecontractualobligationof D unitsof commodityis shippedoutof ? andthesameamountis receivedatB . Givenapower network ���������e� , acontractset 3 is feasible(or satisfied) if thereexistsa feasibleflow
b

in thedigraphj thatsatisfieseverycontractKaHJ3 . Let �L��!$Ss�s� c �^�"!T������ W�J��\��A�@&��.��� z��V  bdc QTB��6KY� .
In practice,it is typically thecasethat 3 doesnot form a feasibleset.As a resultwe have two possible

alternative methodsof relaxingtheconstraints:(i) relaxthenotionof feasibilityof acontractand(ii) try and
find a subsetof contractsthatarefeasible.Combiningthesetwo alternativeswe definethe following types
of “relaxedfeasible”subsetsof 3 .

Definition 1 Let ����������� bea powernetwork,3 bea setof contracts, j betheassociateddigraph,and
b

bea feasibleflow in j .

1. A contract set 3_t.4[3 is a 0/1-contractsatisfaction feasiblesetif, ¡�K¢�£�@?N�'BC�ED.�'FG�eH¤3_t , b �'� � � �bT�N�A� � ��D .

2. A contract set 3_t.4a3 is an I-contractsatisfaction feasiblesetif, ¡dK¢�¥�@?N�'BC�ED.�'FG�nH¦3_t , b �6KY�Yv§�bV��� �'� � bT�A��� � Hfq$�¨�1)~�W©W©W©R�ED�r ; i.e. wemustsendan integral amountof flow
b �6KY� from ? to B .

3. A contract set 3 t 4�3 is an R-contractsatisfactionfeasiblesetif, ¡�K��ª�@?A�'BC�ED.�'FG��H«3 t , b �6K_�Iv§�bV��� �'� � bT�A��� � H{¬ �¨�ED^ ; i.e. weare allowedto sendanyrational amountof flow
b �6K_� from ? to B .

Notethatcase(3) of Definition 1 is theleastrestrictive; theonly requirementwe have is thatthesource-
destinationpairs sendand receive equalamountsof flows. Also, all our definitions include at the very
minimum a balancingconstraintfor satisfied(feasible)contracts. For the remainingcontracts,the above
definitionsdo not imposeany requirementaslong aswe have a feasibleflow

b
. Finally, notethatgiven a

flow
b

in j , it is easyto recover the“relaxedfeasible”set 3 t accordingto any of theabove givencriteriain
polynomialtime. Basicoptimizationproblemsrelatedto relaxedfeasiblesetsare:

Definition 2 Givena graph ����������� and a contract set 3 , the (0/1-VERSION, MAX-FEASIBLE FLOW)
problemis to find a feasibleflow

b
in j such that � z]�~ N® b �6KY� is maximizedwhere 3_t formsa 0/1-contract

satisfactionfeasiblesetof contracts. Is therelated (0/1-VERSION, MAX-#CONTRACTS) problem,weaim
to finda feasibleflow

b
in j such that | 3_t�| is maximized,where 3_t formsa 0/1-contractsatisfactionfeasible

setof contracts.

Thoughsuchelectricflow problemshave somesimilaritieswith thosefrom otherpracticalsituations,
therearemany basicdifferencessuchasreliability, non-distinguishability betweenthe power producedby
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differentgenerators,shortlife-time (dueto thelack of adequatestoragedevices),line effects,etc. [WW96].
Thevariantsof flow problemsrelatedtopowertransmissionstudiedhereareintuitively harderthantraditional
multi-commodityflow problems,sincewe cannotdistinguishbetweentheflow “commodities”(power pro-
ducedby differentgenerators).As aresult,currentsolutiontechniquesusedto solvesingle/multi-commodity
flow problemsarenotdirectlyapplicableto theproblemsconsideredhere;seethediscussionin AppendixA.

3 Description and Discussionof Algorithms

We work on the(0/1-VERSION, MAX-#CONTRACTS) problemhere. Let \ and � respectively denotethe
numberof verticesand edgesin the network � . In [CF+97], it was shown that (0/1-VERSION, MAX-
#CONTRACTS) is NP-hard;also,unlessNP 4=¯>°+° , it cannotbeapproximatedto within afactorof �²±(³�´hµN¶
for any fixed ·`¸-� , in polynomialtime. Thus,weneedto considergoodheuristics/approximation algorithms.

First, thereare threesimpleheuristics. The SMALLEST-FIRST HEURISTIC considersthe contractsin
non-decreasingorderof their demands.Whena contractis considered,we acceptit if it canbe feasibly
addedto thecurrentsetof chosencontracts,andrejectit otherwise.TheLARGEST-FIRST HEURISTIC is the
same,exceptthat the contractsareorderedin non-increasingorderof demands.In the RANDOM-ORDER

HEURISTIC, the contractsareconsideredin a randomorder. SeeAppendixB for worst-caseexamplesfor
theseheuristics.

We next discussan approximationalgorithmof [CF+97]. This hasproven performanceonly whenall
sourcevertices!1# arethesame;however, thisalgorithmextendsnaturallyto themulti-sourcecasewhichwe
work on. Thebasicideasareasfollows; seeAppendixC for a comprehensive discussion.WecreateanILP
formulationfor theproblem,with �N#�Hfq$�¨�1)Tr beingtheindicatorvariablefor satisfyingthedemandfrom !1#
to &%# or not; non-negative realvariables¹$# � � indicatetheflow dueto thecontractbetween�"!1#%�'&(#�� onedge of
thenetwork. We relax thecondition“ �A#ºH-q$�¨�1)Tr ” to “ �N#»H=¬ �¨�1)h ” andsolve theresultantLP; let � � bethe
LP’soptimalobjective functionvalue.Therandomizedroundingof theLP solutionis asfollows. For a large
enoughconstant� , define ¼J¸5) to be

�1½V¾ ·W� if � � ¸l�f¿��À�w½¨�@� � ·À�À� if � � *l� and ·ZH«�6�¨�1)$½~ÁR%¿G�V�@�w½R� � �EÂ ±'µN¶"Ãu³�¶ � if � � *¤� and ·`H«�6�¨�1)$�W© (1)

We performthe following roundingsteps.(a) Independentlyfor each, , seta randomvariable Ä # to ) with
probability �N#�½V¼ , and ÄA#>v§�M� with probability )YÅ¤�N#�½V¼ . (b) If ÄA#Z�Æ) , we will chooseto satisfy ��)YÅ-·h�
of �"!$#(�'&%#"� ’s contract:for all  �HP� , set ¹$# � �Cv§�L¹1# � �$��)_Å¦·h�'½R�N# . (c) If ÄA#.��� , we chooseto have no flow for
�"!1#%�'&(#�� : i.e.,we will resetall the ¹$# � � to � .

A deterministicversionof this resultbasedon pessimisticestimators, is alsoprovidedin [CF+97].

Theorem 3.1 ([CF+97]) Givena network � anda contract set 3 , wecanfind an approximationalgorithm
for (0/1-VERSION, MAX-#CONTRACTS) whenall source verticesare the same, as follows. Let ÇY°Yp be
theoptimumvalueof theproblem,and � bethenumberof edgesin � . Then,for anygiven ·O¸5� , wecan
in polynomialtimefinda subsetof contracts 3_t with total weight È+��ÇY°_p{ÉEÊnËÍÌ�q���Ç+°_p`½R�w� Â ±'µN¶"ÃÎ³�¶��1)TrT� such
that for all ,ÏH<3 t , theflow is at least ��)`Å«·h�%�s# .

4 Implementation details

Wenow discussthekey implementationdetails.For thethreegreedyheuristicstheimplementationsarefairly
straightforward, andwe usedpublic-domainnetwork flow codes. Implementingthe randomizedrounding
procedurerequiresextra care. Thepessimisticestimatorapproachof [CF+97] workswith very low proba-
bilities, andrequiressignificant,repeatedre-scalingin practice.Thuswe focuson therandomizedversion
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of the algorithmof [CF+97]. Consider¼ and · : an importantempiricalquestionis the optimal choiceof
theseparameters.Equation(1) givesevidenceof an inverserelationshipbetween· and ¼ . Thekey clue to
specifyingvaluesof the parameter¼ is provided by analyzingits purposeoncemore. The algorithmsetsÄ9�@,%�o�Ð) with probability ���@,%�'½V¼ and ÄÑ�@,%�n�:� with probability )+Å0�G�@,%�'½V¼ . In otherwords, ¼ is used
to weigh the probability in favor of Ä9�@,��9�8� , which dropsoff certainflows. Clearly, this increasesthe
probabilityof satisfyingtheLP constraints.However, this alsodecreasesthevalueof theobjective function
ÇY��Òw� � # ÄÑ�@,%� thatwe areattemptingto maximize.Thus,theproblemis to find abalancefor ¼ .

Note that since ��¬ÓÇ+��Ò�J�Ô�9¬ � # Ä9�@,���J�Ô� � ½V¼ , by applying Chernoff-Hoeffding bounds,we get°YUÕ��ÇY��Ò[*Ö� � ½~Ás¼A�9*M µ � � ³�×'Ø . So, )+Å-°+U���Ç+��Ò[¸Ö� � ½~Ás¼��9*M µ � � ³�×'Ø ; i.e., °YUÕ��ÇY��Òa¸¢� � ½~Ás¼��9¸
)YÅ- ~µ � � ³�×'Ø . Thus,if � � is “large” and/or ¼ is small, the larger is theprobability that our solutionwill be
betterthan )$½¨�"Ás¼�� of thebestpossiblesolution.Hence,for say ¼9�a) and � � � )W�~Ù we have  µ � � ³�× *0 µ^±�Ú
implying °+U���Ç+��Ò¥¸Ð� � ½~Ás� � )�Å� Vµ^±�Ú , which is approximately1. That is, it is almostcertain that
the randomizedroundingsolutionwill be betterthanhalf the optimal relaxed solution. This implies that
the randomizedroundingsolutionmay very well be a fairly goodestimateof the optimal solution to the
IP. However, it may certainly take an intractableamountof time to obtain such a feasiblesolution, as
the probability of violating a constraintcould now be exceedinglyhigh anda suitableboundmay not be
able to be placedon them. This might seemnaturalto assumesincethe probability of ÄA#+�Ð) would be�N# and ��¬ � # ÄA#Î��Ð� �¤� ÇY°Yp��6ÛX°O� implying frequentinfeasibilitiescould occur. So ¼a�g) could in
somecasesbe to too small andin others(larger · ) it may provide quality solutions. It canbe seenthat ¼ ,
saygreaterthan100, would be a poor choicesince °+U��6ÄA#��Ü�X� is necessarilylarger than �¨©ÞÝVÝ and thus°YUÕ��ÇY��Òw���X����°YUÕ��ß # �6ÄN#]���X�'����àZ#'�6°YUÕ�6ÄN#]���X�'� � �6�¨©ÞÝVÝs�%á (where/ is thenumberof initial contracts
generated).So °YUÕ��Ç+�oÒ5�£�X� � �¨©ÞÁVÁ at /-�Ü)1â~� (a sizein the rangeusuallyobserved by the scenario
generators)contracts,which is clearlynot very promising.With this in mind, it makessenseto startat some
¼�*5)W�V� anddecreasetheparameter’s valueuntil therunsonscenarioinstancesshow unsatisfyingconstraint
violation. Fromthis theabove mentionedmiddlegroundfor ¼ maybereached.This inspiresthefollowing
question.What is anunsatisfyingconstraintviolation? Is it acceptablefor therandomizedroundingproce-
dureto outputasolution1 outof every5 times?For smaller¼ it shouldbeharderto obtainafeasiblesolution,
but ÇY��Ò will probablybebetter. Sotheissueis thatof runningtime. So,whatis a reasonableproportionof
feasibility success?This questionneedsto beconsideredfor successfullyperformingtheexperiments.For
thisstudy, valuesof ¼ for which theproportionof successwas1 outof 5 wassought.

We alsoneedto considertherole of · in our experiments.A feasiblesolutionin our context consistsof
sinkswhosedemandis satisfiedto within an ��)�ÅJ·À� fractionof their total request.Webelieve that ·Z¸�)$½~Á is
not usefulsinceit doesnot seemjustifiableto satisfyonly â~�Xã of a county’s householdpower demand.We
assumethat for valid operation · shouldtypically beverycloseto 0. For thesake of experimentalanalysis
to determinean optimal ¼ , · is fixed anda rangeof ¼ valuesis explored. This processis performedon a
rangeof ·Cä¢)$½~Á , takingmorevaluesof · nearerto 0. This is easilyaccomplishedby incrementing· from©Í) to ©Þâ by someconstant.The searchfor a ¼ (for eachfixed · ) that realizesnear-optimal performanceof
therandomizedroundingprocedurewasautomatedin theimplementationusedfor thisanalysisvia bisection
search(seePROCEDURE OPTIMIZE- ¼ below).

Noticethatsincetheinterval of bisectionis fixed,thenumberof iterationsthesearchalgorithmis deter-
ministicbeingthesmallestintegral solutionto theinequality /Õ½~Á Â � µ^±(ÃNÅ}/Õ½~Á � *0åæÅ}¼ . So,for thisstudy12
iterationsaremadefor eachprobleminstance.For eachprobleminstanceanorderedpair �"·W�À¼�� is created.
Preliminaryevaluationsindicatethatthereis correlationbetween· and ¼ andhencethis datacouldpossibly
beusedin conjunctionwith regressiontechniquesto producea relationequationwhichcouldperhaps,given
an · anda scenariotype, predictwith someaccuracy an appropriate¼ to usein the randomizedrounding
procedure.This possibilitywasnot exploredfor this study, only five · ’s wereusedperscenarioandthelast
valid iterationof thebisectionprocesswastakenastherandomizedroundingrun.
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PROCEDURE OPTIMIZE- ¼ :

1. For agiven · , setavalue / for ¼ thatis largeenoughto ensurefeasibility for any generatedproblem
instanceanddenoteit ¼ �Íç@è . For ourscenarios,we found ¼9��é wassufficiently large.

2. Let ¼Nê ç(� ��� .
3. Runtherandomizedroundingprocedurewith ¼ �Íç6è .
4. If therunproducesfeasiblesolution,then ¼ ç�ëÞì �5¼ �Íç@è and ¼ �Íç6è �í��¼ �Íç6è>î ¼Õê ç%� �'½~Á else ¼Õê ç%� ��¼ �Íç6è

and ¼ �Íç6è ����¼ ç�ë§ì î ¼ �Íç@è �'½~Á�©
5. If ��¼ �Íç6è Å¤¼Õê ç%� �Z*�å+Å¦¼ , where å_Å¤¼ is a thresholdsetby theuser, stop.Otherwise,go to Step3.

For thisstudy, åIÅ{¼9���¨©Ó�V��) .

5 Experimental Setupand Methodology

To testouralgorithmsexperimentally, we useda network correspondingto asubsetof a realpower network
alongwith contractsthatwegeneratedusingdifferentscenarios.Thenetwork weusedis basedonthepower
grid in Coloradoandwasderived from dataobtainedfrom PSCo’s (PublicServiceCompany of Colorado)
Draft IntegratedResourcesPlanlisting of power stationsandmajor substations.Thenetwork is shown in
Figure2 (SeeAppendix).Werestrictedourattentionto majortrunksonly. Theplantcapacitieswerederived
from thePSCodata.To generatemaximumaggregatedemandsfor thesinknodesweuseddatafrom theUS
Censusbureauon thenumberof householdpercounty. Thedemandsweregeneratedby assigningcounties
to specificsinknodesin thenetwork.

All the testcasesweregeneratedfrom the basicmodel. The generalapproachwe usedwasto fix the
edgecapacitiesandgeneratesource-sinkcontractscombinationsusingthecapacitiesandaggregatedemands
in the basicmodelasupperbounds.To ensurethat the testcaseswe generatedcorrespondedto (1) diffi-
cult problems,i.e. infeasiblesetsof contracts,and(2) problemsthat might reasonablyarisein reality, we
developedseveralscenariosthatincludedanelementof randomness.

The current implementationis still basedupon a network which shouldbe feasibleonly if the total
sourcecapacityis greaterthanthetotal sink capacityandtheonly requirementis thatthetotal sink capacity
be satisfiedregardlessof which sourceprovides the power. Scenarios1, 2, 3 and4 arebasedaroundthe
network with total generatingcapacity, 6249MW , andreducedsinkcapacitiesnear4400MW combined.

Scenario1: Thesourcecapacityof thenetwork wasreduceduntil therunningtheMAXFLOW codeindicated
thatthemaximumflow in thenetwork to beslightly lessthanthedemand.

Scenario2: For this scenario,we took thebasicnetwork andincreasedthesink capacitywhile thesource
capacityremainedfixed.

Scenario3: Theedgecapacitieswereadjusted,reducedin mostcases,to limit thenetwork to a maximum
flow of slightly morethan4400MW given its sourceandsink distribution. The network is feasibleat the
4400MWlevel if theflow providedto supplythesinksis permittedto adjustasnecessarywithin thecapacity
of theindividual sources.This network with bilateralcontractsis not feasible.

Scenario4: For this scenario,we took thenetwork of Scenario3 andbiasedtheselectionof sourcenodes
towardsthelower valuedsourceunits.

Methodology: We work with the four scenariosandfive â representative valuesof · varying from ©Í) to
©Þâ . We believe that satisfyinga contractpartially so that a contractis assignedlessthan ©Þâ of the required
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demandis notveryrealistic.For eachscenario,andfor eachof the â valuesof · , theprogramsimplementing
thealgorithmsunderinspectionproducedé~� files from which thefollowing informationcouldbeextracted:
(i) therunningtimesandsolutionsof all four algorithms;and(ii) theLP upperboundon theIP. Thenumberé~� waschosento ensurethat a statistically“large” sampleof eachmeasurewould be provided in orderto
make valid statisticalinference.More attentionis given to thequality-of-solutionmeasureof analgorithm
(ratherthantherunning-timemeasure),sincefrom a socialstandpoint,contractsatisfactionmayleave little
roomfor findingsolutionsthatarefar from optimal.For agivenalgorithm ï , let �C� c S� 1ð denotethenumber
of contractsthat canbe satisfiedby ï . � ð �Ðñ�ò ëÓó �%ôõ � ��ö providesa measureof thequality of thealgorithm’s
solution. The value ÷u� �Eø providesan upperboundon the objective function value. The objective of our
experimentswasto find out which, if any, of thealgorithmsdiscussedhereperformsbetterthantheothers,
in termsof qualityof solutionandrunningtime for differentcontractscenarios.

6 Resultsand Analysis

Theperformanceof thealgorithmsw.r.t. runningtimeandqualityof solutionsis summarizedin Tables1 and
2. Table3 summarizestheresultsof thestatisticaltests.Dueto lackof space,additionalresultscanbefound
in theAppendixD.

6.1 GeneralConclusions

1. Although thereexist instanceswherethe threeheuristicsproducesolutionsaslarge as ÈC�@\�� timesthe
optimalfractionalsolution,mostof ourtestsshow thatwecouldfind integralsolutionsfairly closeto optimal.

2. Fromour analysiswe canconcludethat in realisticsituations,therandomizedroundingalgorithm(basic
version,withoutpessimisticestimators)is not likely to performaswell asthesimpleheuristics,bothin terms
of thequalityof solutionandrunningtime.

3. Our experimentsshow that different scenariosmake a significant differencein the type of solutions
obtained. For example, the quality of solution obtainedusing the fourth scenariois significantly worse
thanthefirst threescenarios.The sensitivity to the scenariosposesinterestingquestionsfor infrastructure
investment.Themarket will have to decidethecostthatneedsto bepaidfor expectingthenecessaryquality
of service. It alsobringsforth the equity-benefitquestion:namely, who shouldpay for the infrastructure
improvements?

4. It is possiblethat for certainscenarios,the underlyingnetwork is incapableof supportingeven an ac-
ceptablefractionof thebilateralcontracts.This observation althoughfairly intuitive providesanextremely
importantmessage,namely, networks that were adequateto servicecustomersin a completelyregulated
powermarketmightnotbeadequatein deregulatedmarkets.Thismakesthequestionof evicting thebilateral
contractsmoreimportant.

5. Intuitively, onewould expecta trade-off betweenthe numberof contractssatisfiedandthe · value. As· increases,andthe demandcondition is morerelaxed, a highernumberof contractsshouldget satisfied.
But our experimentsshow that the changein the numberof contractssatisfiedfor differentvaluesof · is
insignificant.

6. TheLP upperboundis a very usefultight boundin our results:someof our heuristicsproducesolutions
very closeto it.

7. In practicalsituations,theRandom-Orderheuristicwould bethebestto usesinceit performsvery close
to theoptimalin termsof qualityof solutionandhasvery low runningtime.

8. Finally, in ouranalysis,¼���Á givesthebestsolutions.
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6.2 Statistical Analysis

We usea statisticaltechniqueknown asanalysisof variance(ANOVA) to testwhetherdifferencesin the
samplemeansof algorithmsandscenariosreflectdifferencesin themeansof thestatisticalpopulationsthat
they camefrom or arejust samplingfluctuations.This will helpus identify which algorithmandscenarios
performthebest.See([Fr68], [GH96]) for details.

Mathematical Model Quality of Solution: We first describethe experimentfor the quality of solution,
i.e., � ð . We usea two-factorANOVA modelsinceour experimentinvolvestwo factors:thealgorithmsï�# ,,O�8)~�EÁ��Eé and Ù , andscenariosùNú , û«�Ü)~�EÁ��Eé and Ù . Following classicalstatisticsterminology, we will
sometimesrefer to algorithmsastreatmentsandthescenariosasblocks. We will use ï to denotethesetof
algorithmsandù to denotethesetof scenarios.For eachalgorithm-scenariopairwehave30observations(or
replicates). Whentestingtheefficacy of thealgorithms,we use4 algorithms,eachhaving 120observations
(30 for eachscenario)from the correspondingpopulation. The designof experimentusedhereis a fixed-
effectcompleterandomizedblock. Fixed-effectbecausethefactorsarefixedasopposedto randomlydrawn
from a classof algorithmsor scenarios.The conclusionsdrawn from this modelwill hold only for these
particularalgorithmsandscenarios.Completeimpliesthatthenumberof observationsarethesamefor each
block. Randomizedrefersto the30 replicatesbeingdrawn randomly. Wewish to testthehypothesis:

Is themeanqualityof solutionprovidedby differentalgorithmsthesame,againstthealternative
hypothesisthatsomeor all of thesemeansareunequal?

Themodelfor randomizedblock designincludesconstantsfor measuringthescenarioeffect (block effect),
thealgorithmeffect (treatmenteffect) anda possibleinteractionbetweenthescenariosandthealgorithms.
An appropriatemathematicalmodel for testingthe above hypothesisis given by: ü #Óú á �£ý î�þ # î F�ú î� þ FG�(#Óú îlÿ #Óú á © where ü #Óú á is themeasurement(� ð ) for the /�&�� samplewithin the ,�&�� algorithmandthe ûV&��
scenario.

þ # is thealgorithmeffect. F�ú is thescenarioeffect. � þ F��(# ú capturestheinteractionpresentbetween
thealgorithmsandthescenarios.

ÿ # ú á is therandomerror. WeuseS-Plus [SPL98]softwareto runtwo-factor
ANOVA to testthefollowing threedifferenthypothesis.

1. Are themeansgivenby the4 differentalgorithmsequali.e. j��Iv þ ± � þ ´ � þ Ú � þ�� .
2. Are themeansgivenby the4 differentscenariosequali.e. j��_vVF ± � F ´ ��F Ú � F � .
3. Is thereany interactionbetweenthetwo factorsi.e. j��IvN� þ FG�(#ÓúI��� .
The resultsof two-factor ANOVA areshown in Table3. In the following discussion,we explain the

meaningof eachcolumn. �	� refersto thedegreesof freedom,m.m refersto thesumof squareddeviations
from the mean. 
[m refersto the meansquareerror, which is the sumof squaresdivided by the degrees
of freedom.Thesumof squaresfor thealgorithmfactorcanbecalculatedas: m�m ð ��\�Ò��æ#�� ü}#���Å ü���Þ� ´
where \ is thenumberof replicates,Ò is thenumberof scenarios,ü #�� is themeanof algorithm , acrossall
scenariosand ü��� is thegrandmeanacrossall algorithmsandscenarios.Recallthat in ourcase\}�5é~� andÒ}� Ù yielding a total samplesizeof 120.

Thesumof squaresfor scenariofactorcanbecalculatedas: m�m��Ñ� \�Û���úX� ü� ú��Å ü���Þ� ´ whereasbefore\ is the numberof replicates,Û is the numberof algorithmsand ü  ú� is the meanof scenarioû acrossall
algorithms.Again,in ourcase\���é~� and Û��=Ù . Thesumof squaresfor algorithmsandscenariointeraction
is: m�m�ð � �M\���û�� # ¬ ü #Óú� Å5� ü �� î��þ # î �F ú ��Î´~© Here ü #Óú� is the meanof observationsfor the algorithm ,
scenarioû pair and

�þ # and
�F�ú arerespectively the estimatedleastsquarevaluesof

þ # and F�ú . The sumof
squares“within” refersto thesquareddifferencebetweeneachobservationandthemeanof thescenarioand
algorithmof which it is a member. It is alsoreferredastheresidualsumof squares.This canbecalculated
as: m�m��£� \���û�� # � á �@ü #Óú á Å ü # ú� �%´~© Thetotalsumof squaresis m.m��«��m�m�ð î m�m � î m�m�ð � î m�m��²© The
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PerformanceMeasure:Qualityof Solution(in ã )
RR SF LF RO ScenarioMeans

Scenario1 ü ±'±  =48.68 ü ´h±  =99.73 ü Úh±  =97.97 ü � ±  =97.78 ü  ±  =86.02
Scenario2 ü ±�´  =46.91 ü ´'´  =99.56 ü Ú'´  =98.38 ü � ´  =98.93 ü� ´  =85.94
Scenario3 ü ±�Ú  =45.69 ü ´'Ú  =99.25 ü Ú'Ú  =97.10 ü � Ú  =98.82 ü� Ú  =85.22
Scenario4 ü ± �  =46.99 ü ´ �  =98.03 ü Ú �  =88.65 ü ���  =93.41 ü� �  =81.77

Algo. Means ü ± � =47.07 ü ´ � =99.14 ü Ú � =95.51 ü � � =97.24 ü��� = 84.74

Table1: TheMeanValuesof theQuality of Solution.

PerformanceMeasure:RunningTime(in Megaticks)
RR SF LF RO ScenarioMeans

Scenario1 ü ±'±  =163.33 ü ´h±  =41.23 ü Úh±  =24.57 ü � ±  =25.50 ü� ±  =63.66
Scenario2 ü ±�´  =218.23 ü ´'´  =49.63 ü Ú'´  =29.73 ü � ´  =30.23 ü� ´  =81.96
Scenario3 ü ±�Ú  =181.70 ü ´'Ú  =45.70 ü Ú'Ú  =23.30 ü � Ú  =26.43 ü� Ú  =69.28
Scenario4 ü ± �  =184.33 ü ´ �  =44.53 ü Ú �  =27.00 ü ���  =27.27 ü� �  =70.78

Algo. Means ü ± � =186.90 ü ´ � =45.27 ü Ú � =26.15 ü � � =27.36 ü��� = 71.42

Table2: TheMeanValuesof theRunningTime.

� -valuegivesthesmallestlevel of significanceat which thenull hypothesiscanberejected.2 Thelower the� -value,thelessertheagreementbetweenthedataandthenull hypothesis.Finally the � -test is asfollows.
To testthenull hypothesis,i.e. thepopulationmeansareequal,ANOVA comparestwo estimatesof �^´ . The
first estimateis basedon the variability of eachpopulationmeanaroundthe grandmean. The secondis
basedonthevariability of theobservationsin eachpopulationaroundthemeanof thatpopulation.If thenull
hypothesisis true,thetwo estimatesof � ´ shouldbeessentiallythesame.Otherwise,if thepopulationshave
differentmeans,thevariability of thepopulationmeanaroundthegrandmeanwill bemuchhigherthanthe
variability within thepopulation.Thenull hypothesisin the � -testwill beacceptedif the two estimatesof�^´ arealmostequal.

In a two-factorfixed-effect ANOVA, threeseparate� -testsareperformed.Two testsfor thefactorsand
third for the interactionterm. If � -ratio is closeto 1, thenull hypothesisis true. If it is considerablylarger
implying thatthevariancebetweenmeansis largerthanthevariancewithin apopulation,thenull hypothesis
is rejected.The � distribution tableshouldbecheckedto seeif the � ratio is significantlylarge.Theresults
in Table3 show thatall theabove threenull hypothesisarerejectedat any significancelevel. This implies
that the performance(measuredby � ð ) of at leastoneof the algorithmsis significantlydifferentfrom the
otheralgorithms.Also, differentscenariosmake a differencein theperformance.Finally, thescenariosand
thealgorithmsinteractin a significantway. The interactionimplies that theperformanceof thealgorithms
aredifferentfor differentscenarios.

Referto AppendixD for moredetailson whatcausedtherejectionof null hypothesesandfor a similar
discussionon runningtime performancemeasure.All theabove analysiswasperformedwhile keepingthe
valueof · constantat �¨©Í) . Theperformanceof therandomizedroundingalgorithm3 doesnot changein any
significantway, bothin termsof � ð andrunningtimewhen · variedfrom 0.1 to 0.5. Soall theabove results
hold for ·º���¨©Í)~���¨©ÞÁ����¨©Þé����¨© Ù and �¨©Þâ ; theresultsareavailablefrom theauthorsuponrequest.

2To obtaina � -valuefor say  ô , thealgorithmeffect,we would look acrosstherow associatedwith 3 degreeof freedomin the
numeratorand464degreesof freedomin thedenominatorin the  -distribution tableandfind thelargestvaluethatis still lessthan
theoneobtainedexperimentally. Fromthisvalue,weobtaina � -valueof 0 for  ô .

3Theotherheuristicsdonot dependon thevalueof ! .
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Source �	� m.m 
[m � -test � -value
Scenario(Block) 3 0.14 0.05 43.38 0

Algorithm (Treatment) 3 22.78 7.59 6792.60 0

Scenario:Algorithm 9 0.12 0.01 15.90 0

Residuals 464 0.40 .0008

Total 479 23.45

Table3: Resultsof Two-Factor ANOVA: This tableshows resultsof two-factorANOVA wherethefactors
arealgorithmsandscenarios.Themeasurementis thequality of solution,givenby � ð . The � -valuesshow
that the algorithmeffect, scenarioeffect and the interactionbetweenthe algorithmsandscenariosareall
significantatany level of confidence.

Summary: TheSFheuristicclearsthemostcontracts,almostasgoodastheoptimalbut takesmorerunning
time ascomparedto LF andRO. However, it takesonly a quarterof the time ascomparedto RR.As far as
scenariosgo, first scenarioclearsmostcontractsin the leastamountof time. From a practicalstandpoint,
the RO heuristicseemsto be the best: it performsvery well both in termsof runningtime andquality of
solution,andis trivial to implement.It performsvery closeto optimalin termsof clearingcontractsandyet
takesminimal time to do it ascomparedto theotheralgorithms.TheRR algorithmgivesgoodtheoretical
lowerbounds,but doesnot seemveryappropriatefor real-lifesituationswherebothtimeandahigh fraction
of contractsatisfactionareimportant.

7 Discussionand Concluding Remarks

Wecarriedoutanempiricalstudyto evaluatethequalityandrunningtimeperformanceof four differentmar-
ket clearingmechanisms.Oneheuristicwasbasedon usinga relaxationof integer linearprogramfollowed
by randomizedroundingof the fractionalsolutionto yield an approximateintegral solution. Experiments
suggestthat a basicversionof the algorithmis not likely to be practicallyuseful,given the runningtime
andthequality of solutionproduced.Theresultis not entirelyunexpected;it hasbeenobserved thatsome
approximationalgorithmsthataredesignedto work in theworstcasemaynothaveaverygoodaveragecase
behavior. Wealsostudiedthreedifferentsimpleheuristics:experimentalresultssuggestthateachis likely to
performbetterthanthetheoreticallyprovableapproximationalgorithm. This is in spiteof the fact that it is
very easyto constructinstanceswheretheheuristicshaveunboundedlypoorperformanceguarantee.Oneof
theheuristics:therandom-orderheuristicwasstudiedto emulateasimplefirst-comefirst-servetypeclearing
mechanismthatis currentlyemployedby theCaliforniaISO.Theheuristicperformssurprisinglywell when
comparedto a boundon any optimal solutionobtainedvia linear programming.The resultssuggestthat
this simpleclearingmechanismcurrentlyemployed might result in near-optimal utilization of thenetwork
resources.Ouroverall assessmentis thatfor thepurposesof developinglargescalemicroscopicsimulations
of thederegulatedpower industry, thethreeheuristicmethodsgivesufficiently goodperformancein termsof
thequalityof solutionandthecomputationaltime requirement.
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Appendix

A Illustrati veExamples

Someunusualcharacteristicsof ourproblemsarenow described,following [CF+97].
Example 1. This exampleillustratesthe issuesencounteredasa resultof deregulation. Figure1(a)shows
an examplein which thereare two power plants K and � , and two consumers.Let us assumethat each
consumerhasademandof 1 unit. Beforederegulation,sayboth K and � areownedby thesamecompany. If
weassumethattheplantshave identicaloperatingandproductioncosts,thenthedemandscanbesatisfiedby
producing1unit of powerateachplant.Now assumethatduetoderegulation, K and � areownedbyseparate
companies.Furtherassumethat K providespower at a muchcheaperrateandthusboththeconsumerssign
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Figure1: Figuresfor Examples1 and2.

contractswith K . It is clearthatboth theconsumersnow cannotgetpower by K alone.Althoughthe total
productioncapacityavailableis morethantotal demandandit is possibleto routethatdemandthroughthe
network undercentralizedcontrol,it is notpossibleto routethesedemandsin a deregulatedscenario.

Example 2. Here,thegraphconsistsof a simpleline asshown in Figure1(b). We have threecontractseach
with a demandof 1. The capacityof eachedgeis also1. A feasiblesolutionis

b �"! ± �'& Ú ��� b �"! ´ �'& ± ���b �"! Ú �'& ´ �Ï�í) . Thecrucialpoint hereis that theflow originating at !$# maynot go to &(# at all — sincepower
producedat thesourcesareindistinguishable,theflow from !$# joins a streamof otherflows. If we look at
the connectedcomponentsinducedby the edgeswith positive flow, we may have !1# and &%# in a different
component.Thuswe do not have a pathor setof pathsto roundfor the �"!$#(�'&%#�� -flow. This shows a basic
differencebetweenour problemandstandardmulti-commodityflow problems,andindicatesthattraditional
roundingmethodsmaynotbedirectlyapplicable.

B Worst-CaseExamples

The threeheuristicmethodsof � 3 canbeshown to have worst caseperformancethat is È+�@\�� . Example4
shows thatall theheuristicscanperformpoorly w.r.t. anoptimal solution. This is not too surprisinggiven
thattheoptimalsolutiongetsto look atall of theinputbeforeclearingthecontracts.Thenext setof examples
aredesignedto show that thereareinstanceswhenonesolutionstrategy beatstheothertwo, implying that
thereis no dominatingsolutionstrategy.

Example 4: Considera network with two nodes K and � joined by an edge �6KC���n� . The capacityof
the edge �6KC���n� is ( , where )0*)( *8ÊnËÎÌ�q1\�½¨�@\¤Å�Ás�À�EÁ�r . Thereare \ (assume\ is even) contracts�"! ± �'& ± �À�W©W©W©$�$�"!+*A�'&,*¨� . Odd numberedContractshave demandof 1 unit andthe sourcesandsinksof these
contractsaredistributed as follows: Node sources! ± �E! Ú �W©W©W©h! * µ^± are locatedat node K and their corre-
spondingconsumers& ± �'& Ú �W©W©W©�&,* µ^± arelocatedat � . Let us call this setOdd-Set. For the even numbered
contracts(denotedeven-set)we have a demandof ) î ´.-* percontractandthesourcesink locationsarere-
versed:thesourcesarelocatedat � andthesinksat K . Notethat(i) All Odd-setcontractshave demandthat
is lessthanevery contractin Even-Set. (ii) In theabsenceof any othercontracts,only oneOdd-setcontract
canbecleared(wlog wesayit is �"! ± �'& ± � ). (iii) Similarly, exactlyoneEven-setcontractcanbeclearedif there
areno Odd-setcontracts.

Now considerhow many contractscan be satisfiedby the eachof threeheuristicmethods. (i) The
SMALLEST-FIRST HEURISTIC will clear only one contract �"! ± �'& ± � . (ii) The LARGEST-FIRST HEURIS-
TIC will alsoclearexactlyonecontract�"! ´ �'& ´ � . (iii) RANDOM-ORDER HEURISTIC will alsoperformpoorly
with high probability. This is because,of the \0/ waysto arrangethecontracts,it canbeshown thatonly a
negligible fractionof theordersaregood.(iv) An optimalsolutioncanclearall thecontractssimultaneously,
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sincetheflows from Odd-setappropriatelycanceltheflows from Even-Set. Thusperformanceguaranteeof
the SMALLEST-FIRST HEURISTIC andLARGEST-FIRST HEURISTIC is È+�@\�� . Theperformanceguarantee
of RANDOM-ORDER HEURISTIC is also È+�@\�� with high probability.

Example 5: Again, we have a singleedgeasour network. Denotethe edgeby �6KO����� asbeforewith the
endpointsbeing K and � respectively andtheedgecapacitybeing ) unit. Wehave \ contracts.As beforewe
divide theminto Even-SetandOdd-setof contracts.Thecontracts’demandsareincreasing:the , �21 contract
hasdemand) î �@,�Å-)$��· , where · is chosensothat �nä-·>ä�) and �@\JÅ-)$��·Z¸5) . It is clearthatSMALLEST-
FIRST HEURISTIC can clear all the contracts,while LARGEST-FIRST HEURISTIC can clear exactly one
contract.Againsimplecalculationshows thatRANDOM-ORDER HEURISTIC will performpoorly with high
probability.

C Detailsof the ILP rounding

Wenow presentdetailsof theILP roundingprocedure,following [CF+97].

(MFP) Maximize 3# �V  �A#
subjectto 465 * 7 (1)� # H q$�¨�1)Tr ¡A,.HJ3 (2)¹1# � � � � ¡A,.HJ3e�� OHJ� (3)3 # ¹ #

� � * � � ¡d +H�� (4)

¹1# � � * �h�E�N# ¡d +H��n�',ÏH�3 (5)

Linearprogramformulation: Let 298º�@?¨� and 2«µ.�@?¨� denotethesetof directedoutgoingandincoming
edgesincidenton ? respectively. Wehave two indicatorvariables�A# for eachcontract, betweenpairs �"!1#%�'&(#�� ,
andindicatorvariables¹1# � � for each�"!$#(�'&%#"� pairandeachedge . Theintendedmeaningof �A# is thatthetotal
flow for ( !1#%�'&%#"� is �X#u�A# ; andthemeaningof ¹1# � � is that theflow dueto thecontractbetween�"!1#%�'&(#�� on edge is ¹1# � � . We will sometimesuse ¹1# ��: to denotetheflow associatedwith thepair �"!$#(�'&%#"� . Also recall thatwe
assumethat thesourcesink pairsfor eachcontractaredistinct. In the integral versionof theproblem,we
will have �N#�H²q$�¨�1)Tr .

Constraint(1) is just shorthandfor the usualflow constraintsfor all �"!1#%�'&%#�� andsaysthat (i)The total
incomingflow ¹ # � � into & # is � # � # , andthetotaloutgoingflow ¹ # � � from ! # is also � # � # . Thisin particularrelates
thevariables¹1# � � to �N# . It statesthat 3

Â � Ã �<;>= Â �@? Ã
¹1# � �æÅ 3

Â � Ã �<;BA Â �C? Ã
¹1# � �=� �s#@�N#í¡A,ZHf3 and 3

Â � Ã �<;BA Â �2? Ã
¹1# � �ºÅ

3
Â � Ã �<; = Â �2? Ã

¹1# � �-� �s#@�N#�¡�,ºH²3 (ii) for all vertices? not in qR!$#(�'&%#(r , theincomingflow of type ¹1# ��: i.e. flow

dueto thecontractpair �"!1#%�'&%#�� equalstheoutgoingflow.
Constraint(2) imposesthe 0/1-contractsatisfaction rule. Constraint(3) saysthat the flows are non-

negative. Constraint(4) saysthat the total flow correspondingto all source-sinkpairson anedgedoesnot
exceedits capacity. Finally, constraint(5) saysthat the flow dueto any particularcontractover an edge  
doesnotexceedthefractionalcapacityof thatedgew.r.t. the0/1-contractsatisfactionof thatcontract.

PerformanceGuarantee: Webrieflydiscusstheperformanceguaranteeof theabovealgorithmfor thesingle
sourcecase.Let �>� be the “bad event” that edge  ’s capacityis violated. i.e., that �Z�<v§�£°YUÕ�D3#�E F ?HG ± ��)OÅ
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Figure 2: This shows the network with nodenumberedas they are referencedin all scenariosand edge
capacitieslabeledat valuesusedfor Scenarios1 & 2. The placementof the nodesandedgesarewhat is
probablythefinal form. The leastnumberof edgescrossandthenodesin theupperright arespreadout a
little bit maintainingthegeneralfeelof thedistribution while allowing easierreading.
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sut,v�w�x y�z|{}y�t9~���y|� Let � be the “bad event” that the objective function becomesreally small: i.e., ������ U���� w�� w��}w t�������z ������� t where ��� is theLP optimalvalue, � w|� w { w . Define ��������� y����¡  y t£¢ � . It is
clearthat

� U���� t¤¢ � U�� � t �¥� . But ����¦ y.�<�   y ¦ �¨§ i.e. � representstheeventthat(i) No edgecapacity
is violatedtoomuchand (ii) theobjective functiondoesnotbecomesmall.Thus,wewantto show thatfor a
suitable� ~ � , � U���� t � � U©�}ªy����   y ª«� t>¬ �<§ (2)

which would imply that
� U�� � t ���® � U©��� t¯~ � � We would have thusdemonstratedthat thereexistsone

point in thespaceof all integral roundedsolutionsthatis good. We will show thatthis is indeedthecaseby
usingtheFKG inequality. In particular, we will show thattheevents  y arepositivelycorrelatedandsatisfy
theconditionsin theFKG inequality. Specifically, we show that

°²±´³   � U��¶µy.�<�   y t¸·«¹y���� � U��   y tu� (3)

Usingthis it sufficesto show that� U���ª y   y ªº� t¸� � U©��ª y   y t î � U��»� t>� �%6� ¹ y ���B � U©�   y t�t�t î � U��»� t¸¬ � � (4)

Each
� U��   y¼t and

� U��»� t canbeupper-boundedby a Chernoff bound.By following theproof of Theorem
2.2 in [Sr97] andalsousingthe ideasin [Sr95] packing/covering, if we take � to be � ��½ z|����t�¾�¿�À¶ÁÃÂHÄ�Á for a
suitablylargeconstant� suchas ��� , thenwe canshow that �@Å t is true;we canalsocomputetheroundingin
deterministicpolynomialtime. Herearetheideasin brief. Basically, wecanupper-bound

� U©�   y ) asfollows.
Wewantto upper-bound� U��DÆw�Ç È+ÉHÊ ¿ ���B s¼t,v�w�x y¼z|{�y�t>~Ë��y �

� U���Æ w � v�w�x y�z � �¼yu{¶w�t�t � wÃt¸~ � z ���% s¼tu�
(which is truesincethesummationis doneover Ì .) Fromconstraints(4) andlinearityof expectations,weget ÎÍ � w � v w�x y z � � y { w t�t �}w�Ï �ÑÐ ÉÒÔÓ É2Õ Ö× Ö Ð Ö � � z � � From constraints(5), v w�x y z � � y { w t�� � . Thus,we have a sum Ø of
independentrandomvariables,eachlying in Í ��§�� Ï ;  ÎÍ Ø Ï � � z � . Wewanttoupper-bound

� U���Ø ~ � z ���Ù sut�t ;
by standardChernoff analysis,this is at most Ú���� z � ¿@Äu¾H¿�À¶ÁÃÂ t . Thus, for all

±
,
� U��   y tÛ� Ú���� z � ¿@Äu¾H¿�À¶ÁÃÂ t

Similarly,
� U©�»� t canbeupper-boundedby

± À}Ü�¾�Ý���Ä Ò Â , by Chernoff. Pluggingthesein Equation4, we can
verify thatif �Î� � ��½ z|� Å t�¾H¿�À¶ÁÃÂ�Ä�Á for asufficiently largeconstant� , thenEquation4 holds.

D Statistical Tests

D.1 Contrasts

Thenext questionof interestis whatreally causedtherejectionof thenull hypothesis.Whatarethesources
of significantdifferencesthat gave rise to the overall significance. Justknowing that at leastone of the
algorithmsis differentdoesnothelpusidentify whichalgorithmis significantlydifferent.To answerthiswe
usea procedurecalledcontrast. A contrastÞ amongthe ß populationmeans( à w ) is a linearcombinationof
thekind: Þá��â wÃã¤w à w � ã ¿ à ¿ î ã¤ä à ä î6å�å�å1î ã�æ à æ suchthatthesumof contrastcoefficients, â wÃãçw �è� . In
theabsenceof truepopulationmeans,weusetheunbiasedsamplemeanswhichgivestheestimatedcontrast
as: éÞê�ëâ w ã w ìÛw � ã ¿ ì ¿ î ã ä ìêä îíå�å�å~î ã æ ìáæ Thecontrastcoefficients, ã ¿ , ã ä , å�å�å , ã æ arejust positive
andnegative numbersthat definetheparticularhypothesisto be tested.The null hypothesisstatesthat the
valueof parameterfor every contrastis zero,i.e., î�ïD��Þê�ð� . Thevalueof thecontrastis testedby a F-test
to seeif theobservedvalueof thecontrastis significantlydifferentfrom thehypothesizedvalueof zero.

From Table1, it is clear that the randomizedroundingalgorithm(RR) is different from all the other
algorithmsfor all four scenarios.On anaverage,RR algorithmsatisfies49ñ lesscontractsthantheLargest-
First (LF) heuristicand50ñ lessthanthe Random-Order(RO) heuristicand52ñ lesscontractsthan the
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Smallest-First(SF) heuristic. The differencebetweenSF, RO and LF heuristicsappearsonly marginal.
Basedon this observation,we constructedthefollowing contrastthattestsif RR is statisticallysignificantly
differentfrom theotherthreealgorithms:Þ ¿@ò � ¿ó � ìêä¼ô�ô t î ¿ó � ì ó ô�ô t î ¿ó � ìêõ�ô�ô t  ì ¿ ô�ô

Using the valueof algorithmmeansfrom Table1 we cancalculatethe valueof Þ ¿@ò ( ö standsfor the
quality of solution) to be equalto 0.50.4 The sumof squaresof a contrastis expressedas: Ø÷Øø��Þ ¿@ò t �¾úù|û�ü}Â�ýþ ÉHÿ ýÉ Ä�� É Here ã w arethecoefficientsof thecontrastand

� w �����<� is thenumberof observations(i.e. sample

points for eachalgorithmacrossall scenarios).This resultsin Ø÷Øø��Þ ¿@ò t ����� ����	 . Now we canusethe
following F-testto seethesignificanceof thecontrast:Ø÷Øø��Þ ¿@ò t�z�
 Ø  � �Î���<§�� � � t

MSE standsfor the meansquareerror of the residuals. The contrasthasonedegreeof freedomand
residualshave 464degreesof freedom(seetable3). F = 22.68/.0008= 28350,sincetheobserved valueof
F-testis greaterthanthecritical � -valuegivenin the � -distribution table,for any significancelevel, thenull
hypothesisis rejected.ThisconfirmsourearlierobservationthattheRRalgorithmis significantlyinferior in
performancecomparedto theotherthreealgorithms.Thesumof squaresof Ø÷Øø��Þ ¿@ò t ����� ����	 shows that
98ñ of thevariationin factorssumof squares(total factorssumof squaresbeing23.05i.e. totalSS- residual
SS,seetable1) is dueto thedifferencein RR algorithmversustheotherthreealgorithms.

Table1 shows that the first threescenariosclearabout86ñ of the optimal numberof contractswhile
underthefourth scenario,thenumberof contractsclearedis lessthan82ñ of theoptimal. Eventhoughthe
differencein thenumberof clearedcontractsis notverybig,onewouldbecuriousto find out if thedifference
in performanceunderthefirst threescenariosversusthefourth scenariois significantor not. To answerthis
we createdthefollowing contrastwhich is orthogonal5 to thefirst contrast( Þ ¿@ò ):Þ ä ò � ¿ó � ì�ô ¿ ô t î ¿ó � ì�ô ä¼ô t î ¿ó � ì ô ó ô t  ì�ô õ�ô Justlike Þ ¿@ò , wecancalculatethevalueof Þ ä ò usingtable1.Ø÷Øø��Þ ä ò t�z�
 Ø  �� �Î���<§�� � � t �ð� � ��� z�� �Ù�Ù� 	 � ����� Again, thenull hypothesisis rejectedimplying thatthe
fourth scenariois indeedsignificantlydifferent from the otherthreescenarios.Now we look at two more
contrastto checkif SF andLF aresignificantlydifferent ( Þ ó ò ) andLF andRO aresignificantlydifferent
( Þ õ ò ). Þ ó ò � ìáä¼ô�ô  ì ó ô�ô §�Þ õ ò � ì ó ô�ô  ìÛõ�ô�ô

Ø÷Øø��Þ ó ò t�z�
 Ø  � � ���<§�� � � t ��� � ��� 	 z�� �Ù�Ù� 	 ��������� � �
Ø÷Øø��Þ õ ò t�z�
 Ø  � � ���<§�� � � t ��� � ��� 	 z�� �Ù�Ù� 	 ��������� � �

For both Þ ó ò and Þ õ ò , theobserved valueof theF-testis greaterthanthecritical � -valuegiven in the� -distribution table,thenull hypothesisin bothcasesarerejectedimplying that,SFprovidesabettersolution
thanLF andalso,RO performssignificantlybetterthanLF.

In summary, all algorithmsshow significantlydifferentperformancewhenmeasuredin termsof quality
of solution.Onanaverage,thebestsolutionis givenby theSFheuristicandtheworstby theRR.

D.2 Running-Time

Tables4 and 2 show resultsof the sameexperimentwhenperformanceis measuredby the running time
of the algorithm. The factors,numberof observations, kinds of tests,everything remainedthe sameas
beforeexcept the performancemeasure.Table3 resultsclearly demonstratethat differentalgorithmstake
significantly different time to run and different scenarioshave significantly different running time. The
interactionterm is significantat any level of confidenceimplying that the runningtime of an algorithmis
differentfor differentscenarios.

Table2 shows that theRR algorithmtakesnoticeablymoretime to run ascomparedto the otherthree
heuristics.Amongthethreeheuristics,LF andRO takeaboutthesametimebut SFtakesabout19megaticks

4Thetablevaluesareshown in percentages,but herewe useactualvalues.
5Two contrasts� û and � ý aresaidto beorthogonalif thesumof the productsof their correspondingcoefficientsis zero. It is

desirableto have independentor orthogonalcontrastsbecauseindependenttestsof hypothesescanbemadeby comparingthemean
squareof eachsuchcontrastwith themeansquareof theresidualsin theexperiment.Eachcontrasthasonly onedegreeof freedom.

18



Source �	� Ø÷Ø 
 Ø � -test � -value
Scenario(Block) 3 21152 7050.8 56.97 0

Algorithm (Treatment) 3 2161199 720399.8 5821.07 0
Scenario:treatment 9 28156 3128.5 47.78 0

Residuals 464 30381 65.5
Total 479 2240888

Table4: Resultsof Two-Factor ANOVA: This tableshows resultsof two-factorANOVA wherethefactors
arealgorithmsandscenarios.The measurementis the runningtime of the algorithm. The � -valuesshow
that the algorithmeffect, scenarioeffect and the interactionbetweenthe algorithmsandscenariosareall
significantatany level of confidence.

morethantheLF andRO. Similarly, scenario3 and4 take aboutthesametime but scenario1 and2 look
different. To testall the above mentionedobservations,we createthe following differentcontrasts:Þ ¿�� �¿ó � ìáä¼ô�ô t î ¿ó � ì ó ô�ô t î ¿ó � ìêõ�ô�ô t  ì ¿ ô�ô , Þ ä � � ¿ä � ì ó ô�ô t î ¿ä � ìêõ�ô�ô t  ìêä¼ô�ô , Þ ó � � ì ó ô�ô  ìÛõ�ô�ô , Þ õ � � ì�ô ¿ ô  ì ô ä¼ô

All the above contrastsareorthogonalto eachother. The first contrast,Þ ¿�� (here � standsfor running
time),checksif theRRalgorithmtakesmoretimeto run thantheotherthreeheuristics.Thesecondcontrast,Þ ä � , will find if theSFheuristicis significantlydifferentfrom theLF andRO heuristic. The third contrast,Þ ó � , checksif theLF andRO heuristicstake aboutthesametime to run. Finally, contrastÞ õ � , checkif the
first scenariotakeslesstimeto runthanthesecondscenario.Theresultsof all thecontrastsareshown below.

Ø÷Øø��Þ ¿�� t�z�
 Ø  � �Î���<§�� � � t �������������Ù� � � z�� � � � ����������� � �
Ø Øø��Þ ä � t�z�
 Ø   � � ���<§�� � � t �����!�"�#� � � z�� � � ���$��� 	���� �
Ø÷ØB��Þ ó � t�z�
 Ø  %� � ���<§�� � � t ����� ��� z�� � � �¨��� � �Ù�

Ø Øø��Þ õ � t�z�
 Ø   � � ���<§�� � � t ���<�Ù����� � � z�� � � �����<� ��� � �
As canbe seenby looking at the F-distribution table,all the above contrastsexcept Þ ó � show that the

observedvalueof the � -testis greaterthanthecritical � -value.Hencethenull hypothesisi.e. î�ï¯� Þ w � � �
where Ì%� �<§&��§�� canberejectedat any level of significance.This confirmsour earlierhypothesisthatRR
indeedtakes longerto run thanthe otherthreeheuristics.SF takesmoretime to run thanthe LF andRO
heuristicsandthesecondscenariotakessignificantlymoretime to run thanthefirst scenario.

The meandifferencein running time acrossdifferentalgorithmsshows that all algorithmsaresignif-
icantly different in termsof running time except for the Largest-First and the Random-Order heuristics.
Thesetwo heuristicstakeaboutthesametimeto runandindeedacontrastdonei.e. Þ ó � onLF andRO proves
thatandthenull hypothesis,î�ï �<Þ ó � �í� , is accepted.

Therandomizedroundingalgorithmtakessignificantlymoretimeto run thanany of theotherheuristics.
Thegapin runningtime narrows whenRR is comparedagainstSF. RR takes141megaticksmoretime than
theSFheuristic,160megaticksmorethantheLF andRO. SFtakesmoretime to run thanLF andRO but it
clearsmorecontractsthanLF andRO.
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